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Abstract

We show how to implement a competitive search equilibrium in a fully-specified DSGE envi-
ronment. Competitive search, an equilibrium concept well-understood in labor market theory,
offers an alternative to the commonly-used Nash bargaining in search-based macro models. Our
simulation-based results show that business cycle fluctuations under competitive search equilib-
rium are virtually identical to those under Nash bargaining for a broad range of calibrations of
Nash bargaining power. We also prove that business cycle fluctuations under competitive search
equilibrium are ezactly identical to those under Nash bargaining restricted to the popularly-used
Hosios condition for search efficiency. This latter result extends the efficiency properties of com-
petitive search equilibrium to a DSGE environment. Our results thus provide a foundation for
researchers interested in studying business cycle fluctuations using search-based environments
to claim that the sometimes-awkward assumption of bargaining per se does not obscure inter-

pretation of results.
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1 Introduction

DSGE models featuring search and matching frictions have exploded in popularity in the past few
years.! Invariably, this recent vintage of models has assumed that transactions prices are deter-
mined according to bilateral bargaining between a buyer and a seller, and Nash bargaining has
been by far the most common bargaining specification adopted. While bargaining may be plausible
in some circumstances, it seems desirable to also consider price-setting mechanisms that retain the
competitive nature familiar to most macroeconomists while still allowing for fundamental search
and matching frictions. We show how to implement the concept of competitive search equilibrium
developed by Moen (1997) in a fully-specified DSGE environment. We show using stochastic sim-
ulations of a simple DSGE model featuring search and matching frictions that competitive search
equilibrium gives rise to fluctuations nearly identical to those that arise in an environment fea-
turing Nash bargaining. Furthermore, if Nash bargaining is coupled with the well-known Hosios
(1990) parameterization that has become a focal point in the recent vintage of search-DSGE mod-
els, we show analytically that business cycle fluctuations are identical under either bargaining or
competitive search. Our results thus provide a foundation for researchers interested in studying
business cycle fluctuations using search-based environments to claim that the sometimes-awkward
assumption of bargaining per se does not obscure interpretation of results.

Moen (1997) developed the concept of competitive search equilibrium in its current form and on
which we build. As described by Rogerson, Shimer, and Wright (2005, p. 29), an important con-
ceptual advantage of the competitive search framework over the search and bargaining framework
is that it endogenizes the surplus-splitting mechanism between parties. Nash equilibrium assigns
arbitrary bargaining powers to parties in a bilateral trade. However, there is typically no empirical
guidance on the calibration of these bargaining powers in a quantitative model. Absent empiri-
cal guidance, many search-based models focus on the well-known Hosios (1990) parameterization,
which places a specific parameter restriction across bargaining powers and matching technology
parameters that delivers Pareto-efficiency in search markets. Competitive search does away with
this arbitrary bargaining parameter and yet, as shown by Moen (1997), endogenously delivers the
efficiency delivered by the Hosios parameter setting. We show that the Moen (1997) result extends

to a full dynamic stochastic general equilibrium environment.? Furthermore, and especially of in-

! As just a few recent examples, studies using this framework include Walsh (2005), Trigari (2006), Gertler and
Trigari (2006), Krause and Lubik (2007), Blanchard and Gali (2007), Faia (2007), and Thomas (2007). The recent
outburst of work using this framework was initiated by the results of Shimer (2005) and Hall (2005). Of course, Merz
(1995), Andolfatto (1996), and den Haan, Ramey, and Watson (2000) are early examples of incorporating a search

framework in a standard DSGE model.
*We should also note that Rocheteau and Wright (2005) and Menzio and Moen (2006) also extend the concept

of competitive search equilibrium to a general equilibrium setting. Rocheteau and Wright (2005) present a money-



terest to quantitative practitioners, we show that even if one departs from the Hosios parameter
setting, the business-cycle fluctuations that arise from either competitive search equilibrium or
Nash bargaining are extremely similar.

Moen’s (1997) framework was developed in a search-based model of the labor market. However,
we develop our results in a search-based model of the goods market. Specifically, we build on the
quantitative search-based model of goods markets developed in Arseneau and Chugh (2007b). Their
model, as does Hall’s (2007) model, uses the search-and-matching framework familiar from labor
market theory as a basis for a model of goods markets. In both Arseneau and Chugh (2007b) and
Hall (2007), the search frictions that both consumers and firms must overcome before goods trade
can occur make customer relationships valuable to both parties. The novel feature of our search-
based goods market compared to Arseneau and Chugh (2007b) and Hall (2007) is a competitive
mechanism in which firms post prices and consumers optimally direct their search based on these
posted prices, rather than prices being determined by ad-hoc bargaining or surplus-splitting rules.
We think the combination of all three features — search frictions, firms posting prices unilaterally,
and consumers directing their search towards firms based on posted prices — is a potentially very
natural description of goods markets. As such, the model development we do in this paper is
also a building block to richer applications of the Arseneau and Chugh (2007b) and Hall (2007)
environments.

Nevertheless, our results cover a wide class of existing DSGE labor search models as well.
We describe how one would adapt our implementation of competitive search for a labor search
framework. There is no reason to think that our virtual equivalence results would not readily
extend to a baseline DSGE labor search model. Regardless of in which market one articulates
our ideas, one virtue of replacing bargaining with competitive search equilibrium in a full DSGE
model is that it avoids the Coles and Wright (1998) criticism of bilateral bargaining in a dynamic
environment. Rather, prices are set unilaterally by firms in competitive search equilibrium, and
price-setting is forward-looking, as it is in, say, a typical New Keynesian sticky-price model.

The rest of the paper is organized as follows. In Section 2, we sketch how price posting and
directed search works. Section 3 details the model, including a precise description of how to imple-
ment a competitive search equilibrium. In Section 4, we analytically extend Moen’s (1997) results
to a dynamic stochastic general equilibrium environment, proving that business cycle fluctuations
under competitive search are identical to those under Nash bargaining at the Hosios condition. We
also provide a simple MRS = MRT interpretation of pricing outcomes in search models that should

prove useful in other search models, as well. Section 5 presents quantitative results. Section 6

search environment where buyer-seller pairs end after just one period of trade. In contrast, the long-lasting nature of
buyer-seller pairs is important in our model. Menzio and Moen (2006) do allow for long-lasting (labor) relationships;

however, their focus is on incomplete contracts and not on business cycle dynamics.



demonstrates the robustness of our results to alternative sources of business cycle fluctuations.
Section 7 outlines how one could adapt our implementation of competitive search to a DSGE labor

search model. Section 8 concludes and offers thoughts for ongoing work.

2 General Description of the Environment

Before going into details, we outline the basic structure of goods markets in our model. Our
environment builds on Arseneau and Chugh (2007b), which posits that, for some goods trades,
households and firms each have to expend time and resources finding individuals on the other side
of the market with whom to trade. The resource costs for consumers involve time. The resource
costs for firms involve time and direct costs of activities we interpret as advertising, which are
meant to attract potential customers.

The key feature of the environment on which we focus is the method by which transactions
prices are determined. One alternative is Nash bargaining, whose use is standard in DSGE search-
based models. The focus of our study, however, is on a system in which prices are unilaterally
posted by firms. These posted prices play a crucial role in governing how many potential customers
are attracted to the firm’s location. As Rogerson, Shimer, and Wright (2005) emphasize, it is the
combination of these features — price-posting by firms and search activity directed by these posted
prices — that is necessary for the concept of competitive search equilibrium. Merely attracting
customers to a location is not enough, however; once a set of potential customers has arrived at
a location, some randomness governs how many of them actually purchase goods at the posted
price. The probability of purchase depends on how many potential customers a store attracts.®> To
introduce some basic terminology of our model, posted prices maximize the expected value of each
good “advertised” by a firm or, equivalently, (to use Hall’s (2007) terminology) the expected value
of each “customer opening” or, equivalently, (to use Moen’s (1997) terminology) the expected value
of each “submarket.”

We will rely most on the “submarket” terminology, which evokes an especially interesting in-
terpretation. The submarket interpretation of our environment is that some product markets exist
locally. Consumers and firms in a given submarket search for trading partners in the same sub-
market. We assume that there is a continuum [0, 1] of goods submarkets. In each submarket j, a
homogenous product is sold by firms that are competitive in a sense to be described further below.
In any two submarkets j # j/, goods may be different, although in the end we will analyze an

equilibrium symmetric across submarkets.

3We think the distinction between customers being attracted to a location and actually purchasing goods is quite
intuitive — a “sale,” for example, may attract many people to a location, but it is likely not all people will actually

purchase the sale good.



3 Model

We now proceed to lay out the important details of our model economy.

3.1 Households

There is a measure one of identical households, with a measure one of individuals that live within
each household. In a given period, an individual member of the representative household can be
engaged in one of four types of activities: purchasing goods (shopping) at a firm, working, searching
for goods, or leisure. More specifically, I; members of the household are working in a given period;
sj+ members are searching for stores in submarket j from which to buy goods; N;@ members are
shopping at stores in submarket j; and 1 — [, — fol sjpdj — fol N ﬁdj members are enjoying leisure.

Note our distinction between shopping and searching for goods. Individuals who are searching
are looking to form relationships with firms, which takes time. Individuals who are shopping were
previously successful in forming customer relationships, but the act of acquiring and bringing home
goods itself takes time.* We assume that the members of a household share equally the consumption
that shoppers acquire.

In very general terms, we can express the representative household’s total lifetime utility as
Ey Zﬁ u(xy) + Yv / / cijedidj | + g (1 — 1l — / sjpdj — / thd]> , (1)
=0 0 Jo 0 0
where j indexes submarkets and 7 indexes a given family member in submarket j. However,

anticipating the symmetric equilibrium on which we will focus and because we lose no clarity by

doing so, we specialize right away to

Eoigt [u(act)#—ﬁv (/01N$5> +g(1—zt—/olsjtdj—/olz\f;;dj)]. 2)

In writing (2), we have also imposed that each transaction, regardless of submarket, results in the
exchange of ¢ units of goods. Thus, we close down the intensive margin of consumption purchases
to emphasize the concept of competitive search equilibrium.?

The household faces a sequence of flow budget constraints

1 1
T+ /0 pth]htEdj + by = wely + Reb—1 + /0 djidj, (3)

4For example, even if one knows exactly where to go to buy certain goods, one may still have to walk around the

aisles, stand in the checkout line, etc.
®As Arsencau and Chugh (2007b) show, one can allow for an endogenous intensive margin of consumption in

this model. Doing so requires assuming imperfect substitutability between the goods of different submarkets in
preferences. This of course may be a natural feature one wants to model, and details are provided in Arseneau and

Chugh (2007b), but it does not affect the main points we illustrate here.



where b;_1 is holdings of a state-contingent one-period real private bond at the end of period ¢ — 1,
which has gross payoff I; at the beginning of period ¢, w; is the real wage, and dj; is firm dividends
of submarket j received lump-sum by the household. The Walrasian good x serves as the numeraire,
hence the price p; of a given submarket’s good is measured in units of x.

The household also faces a sequence of perceived laws of motion for the number of active
customer relationships in each submarket j,

Nji = (1= p")NJi 1 + k" (00), (4)

where k"(6;) is the probability that a searcher forms a customer relationship in submarket j. This
matching probability depends on 6;;, which measures the tightness of goods submarket j — how
many advertisements there are per searcher — and is taken as given by the household.® With fixed
probability p®, which is known to both households and firms, an existing customer relationship
dissolves at the beginning of a period. The dissolution of a customer relationship may occur for
any of a number of reasons: the customer may move away, the firm may close shop, the customer
may simply choose to stop visiting the same store for some reason, and so on. A natural potential
future extension would be to endogenize the rate at which customer-firm relationships break up.
Finally, note the timing of events embodied by the flow budget constraint and the flow utility
function: period-t search and matching precedes period-t purchases of goods. That is, successful
search in period t leads to the purchase of goods in period t (and possibly beyond, as well).

The representative household chooses decision rules for {z,l, s;t, Njht}, taking as given {w}

and {6, p;i} Vj. Optimization yields a standard consumption-leisure optimality condition,

g (1 —l = Jo siedj — Jy thdi)

= 5
u/(xt) We, ( )

a standard consumption-savings optimality condition
u'(xy) = BE; {u' (xe11) Reqa } (6)

and a condition that we refer to as the household shopping condition

{1 + k’h(ejt)} g

kP (0;1) = [Ov; — pjrug] €+ B(1 — p*) By {gt“} : (7)

kM (0jt+1)

A shopping condition exists for each submarket j. As in Arseneau and Chugh (2007b), the shopping

condition for each submarket simply states that at the optimum, the household should send a

SRogerson, Shimer, and Wright’s (2005) exposition of models of posting and directed search is in terms of the
“queue length” in a given market. The queue length in a submarket is simply the inverse of our definition of market

tightness.



number of individuals out to search for goods in market j such that the expected marginal cost of
shopping (the left-hand-side of (7)) equals the expected marginal benefit of shopping (the right-
hand-side of (7)). The expected marginal benefit of shopping is composed of two parts: the utility
gain from obtaining ¢ more goods via the search market rather than via the Walrasian market (net
of the direct disutility ¢’ of shopping) and the benefit to the household of having one additional
pre-existing customer relationship entering period ¢ 4 1. If all trades were frictionless, household
optimal choices would imply Yv; = pyu’(x;). With frictions, in order to engage in costly search, it
must be that on the margin, the household expects Vv, > pip1u' (2¢41). This positive flow return

ensures that the household finds it worthwhile to send some of its members shopping.

3.2 Walrasian Firms

To make pricing labor simple, we assume that there is a representative firm that buys labor in
and sells the Walrasian good z in competitive spot markets. The firm operates a linear production
technology that is subject to aggregate TFP fluctuations, y; = z:l;. Profit-maximization yields the
standard result that

wy = 2, (8)

which all participants in the economy, including the non-Walrasian firms described next, take as

given.”

3.3 Non-Walrasian Firms and the Submarkets for Goods

We assume that a representative “large” firm produces and sells the entire continuum [0, 1] of goods.
Specifically, the firm sells output in each submarket. Our assumption of a representative large firm
facilitates aggregation, allowing us to avoid tracking the particular history of trades at any particular
“trading post” within a submarket. In each submarket, the firm must decide how much advertising
in which to engage. Ex-ante, and this is key for the concept of competitive search equilibrium, the
intensity of advertising can vary across submarkets, which means that queue lengths, the numbers
of customers, and prices can vary across submarkets. In constructing the equilibrium, however, we

will restrict attention to an equilibrium that is symmetric across submarkets.

A structure isomorphic to our division into Walrasian firms and non-Walrasian firms described next is to suppose
that there is a single representative firm that hires labor to produce output, some of which it sells directly to consumers
via Walrasian markets and some of which it sells via search-based channels. One could labels these two channels of
sales to consumers as “wholesale” and “retail” channels, which would make the environment look more similar to
that of Hall (2007). Either way, we use the presence of these “Walrasian firms” as a simple way of ensuring that

markets clear.



With this structure, the firm’s dynamic profit function is
oo Lo Lo 1
Ey Z:tlo [/0 Njpjicd —/0 Niymered) — 7/0 (Ijtd]:| , 9)
=0

where =y is the period-0 value to the household of period-t goods, which we assume the firm uses to
discount profit flows because the households are the ultimate owners of firms.® The firm’s choice of
advertising a;; in any submarket j is costly; each advertisement, irrespective of submarket, entails
a flow cost . The real marginal cost of production is mc;, also identical across submarkets. As for
Walrasian firms, production is assumed to be linear in labor and subject to a common TFP shock;
hence, in equilibrium, mec; = wy/z;.

The firm faces a sequence of perceived laws of motion for the number of customer relationships
in each submarket 7,

th =(1- px)Njft_1 + ajtk’f(ejt)a (10)

where kf (0¢) is the probability that one of the firm’s advertisements attracts a customer in sub-
market j. As with customer matching probabilites, firm matching probabilities depend only on the
relative number of participants in a submarket and are taken as given by the firm.

In the “stage-one” (i.e., before making any decisions regarding prices — pricing decisions
are made after entering a market) profit-maximization problem, the firm’s choice variables are
{ajt, N ]J;} Optimization leads to an optimal advertising condition for each submarket,

v =k (0;)(pje — mer)e+ kS (0)(1 — p*) By {Et+1|tkf (11)

)

(Oje1) |
which states that at the optimum, the expected marginal cost of posting an ad in submarket j
(the left-hand-side of (11)) equals the expected marginal benefit of forming a relationship with a
new customer in submarket j (the right-hand-side of (11)). The expected marginal benefit takes
into account the revenue from selling to one extra customer, the production costs incurred for
producing to sell those extra units, and the cost savings of finding another customer in the future
due to the pre-existing (in time t+1) customer relationship. Condition (11) is a free-entry condition

in advertising in submarket j.

3.4 Price Determination

Our main objective is to compare the dynamics implied by the two alternative pricing protocols,

Nash bargaining and competitive pricing with directed search.

8Technically, of course, it is the real interest rate with which firms discount profits, and in equilibrium the real
interest rate between time zero and time ¢ is measured by Z;,. Because there will be no confusion using this

equilibrium result “too early,” we skip this intermediate level of notation and structure.



3.4.1 Nash Bargaining
We show in Appendix A that the Nash-bargained transactions price pj; in submarket j satisfies

) ) (L ~ l-n 1 g
A= — (1= pYE{E M\ 2
pji€ = meie — (1= p*) t{ t+1|tkf(9jt+1)} i n kMO M "

in which arguments of ¢’(.) and v/(.) have been suppressed. In equilibrium, the household’s marginal

value of wealth A\; = u/(x;). Condition (12) shows that the Nash price depends on firms’ marginal
production costs (the first term on the right hand side), net of the asset value to a firm of forming
a long-term relationship with a customer (the second term on the right hand side), and the share
of the surplus that consumers can extract from firms (the third term on the right hand side). If
goods markets were perfectly competitive, we would have v = 0, because there would be no search
costs, and 17 = 1, which means that firms have no market power; in this case, we recover the usual

result that pj; = mc;.

3.4.2 Competitive Search

We now describe how to implement price posting with directed search. This kind of pricing mecha-
nism has not yet been incorporated into search-based DSGE models; in section 7, we describe how
one would implement this mechanism in a labor search model.

If firms post prices, the firm chooses the price pj;; following entry into a submarket j. The
firm’s choice of pj; maximizes the value of selling (i.e., post-entry) in submarket j and takes into
account the relationship that describes how many customers “queue up” in the submarket as a
function of the posted price. This latter relationship is described by the shopping condition (7)
for submarket j. Formally, the posted price maximizes the value of the j-th submarket, described
by the right-hand-side of (11), subject to the constraint of the shopping condition (7) for the j-th
submarket.?. From the perspective of the firm, condition (7) describes how a change in the price Djt
it charges in submarket j affects the queue length 60;; in that submarket. Thus, the formal objects
of choice in this maximization problem are both p;; and 0.

Solving this optimization problem, the optimal posted price pj; is characterized by

!/

K (00) [(pje — men)E+ (1 — p™)T] = @ik (050) [g) — (9v] — pjruf)E — B(1 — p™)Ay] (13)

f(o. /
where ¢; = LAGD) I, =E {Et+1ltm}’ and Ay = B [khgt“} Together, conditions (13)

R CHIA (05¢+1)
and (7) characterize the competitive search outcome (pj;,6j¢) in goods-submarket j, taking as

given outcomes in labor markets, capital markets, Walrasian goods markets, and all other goods

submarkets.

“Intuitively, the shopping condition describes the optimal price/queue length tradeoff made by households and

can be thought of as the “participation condition” for submarket j

10



3.5 Goods Market Matching

In equilibrium, the number of active customer matches in submarket j evolves according to
Njy = (1 = p")Nji—1 + m(sji, aje), (14)

where m(.) is a constant-returns-to-scale matching function that governs the flow of new customer
relationships that form in each submarket j. As is standard in search-based models, constant-
returns matching implies that the transition probabilities k" (.) and k7 (.) depend only on the tight-
ness of each submarket, which is already reflected in our notation. Imposing symmetry across
submarkets and aggregating over j € [0, 1] yields the aggregate law of motion for customer rela-
tionships

Ny = (1 — p*)Ni—1 + m(se, ar). (15)

3.6 Equilibrium

The conditions describing a symmetric (across submarkets) search equilibrium are the consumption-
leisure optimality condition (5), the consumption-savings optimality condition (6), the shopping
condition (7), the equilibrium wage condition (8), the advertising condition (11), the law of motion
for the aggregate stock of customer relationships (15), and the aggregate resource constraint of the
economy

Tt + Nt6+ yatr = Ztlt. (16)

Note in (16) that aggregate advertising costs ya; are a real resource cost for the economy.

Depending on whether price-posting or Nash bargaining is the pricing mechanism, either con-
dition (12) or (13) completes the set of conditions characterizing equilibrium. If prices are posted,
we refer to the equilibrium as a competitive search equilibrium; if prices are bargained, we refer to the
equilibrium as a bargaining equilibrium. The unknown stochastic processes are {py, 0, N, ar, Te, I, we, R 152,
for exogenous stochastic process {z:}72,. Finally, as we noted above, by construction, mec; =

wt/zt =1 Vt.

4 Equivalence Between Competitive Search and Nash Bargaining

We now prove that if in the bargaining economy the elasticity of the aggregate matching func-
tion with respect to the number of searching individuals (we denote this elasticity &) equals the
Nash bargaining power of customers (7), then the competitive search price and the Nash price are
identical. This extends the results of Moen (1997) to a dynamic stochastic general equilibrium

environment.

11



To show this, begin with the competitive search outcome (13). Given the Cobb-Douglas
specification m(s,a) = ¥sfa'~¢ we assume below, we have k/(0)/k"(0) = 0=, kM (0)/kI' () =
—(1—€)0/¢, and thus (k£ (0) /kM(0)) (k" (6,)/k (6,)) = —(1—¢€) /€. Using these, we can simplify (13)

to

uy l(ﬁjt —meg)e+ (1 — p")Ey {EH”I@J‘(Q’VMH (17)

_ 5 I (9 — paul)E — oz 9£+1
(2 -t om )]

Next, use the advertising condition (11) to substitute for the term in square brackets on the first
line, and use the shopping condition (7) to substitute for the term in square brackets on the second

line; doing so yields

/ vy 1-¢ g:&
e = (o) wioy (18)

Expression (18) defines p;; — the price is implicit in the time-t asset values of a customer relation-
ship for firms and households that appear on the left- and right-hand-sides, respectively.

Again using the result k"(6;;)/k’(0;;) = 0;, one more rearrangement gives

which has a standard MRS = MRT interpretation. That the left-hand-side of (19) is the MRS

between consumption and leisure is obvious. To understand why the right-hand-side measures
the corresponding MRT, consider the algebraic units of each term. The units of v is goods per
advertisement, the units of §;; (which, recall, = a;/s;), is advertisements per searching individual,
and £/(1 — &), because it is the ratio of elasticities in the Cobb-Douglas matching function, is a
unitless number. The latter term measures the social (technological) contribution of a searching
individual to the aggregate formation of customer relationships in goods submarket j. Thus,
78;:£/(1 — £) measures how many search goods are produced for each individual who is searching;
it is thus the economy’s MRT between time spent searching for goods and production of search-
market goods.

Expression (19) was obtained starting with the competitive search outcome (13); we arrive at

the same result starting with the Nash outcome (12) provided n = £. Rewrite (12) as

_ . _ v l-n 1 g
it —mc)C+ (1 —p*) B < 2 = , 20
Bge = mejet(1-77) t{ t“'tkf(ejm)} 0 KRO5) () 20)

in which we have used the equilibrium condition \; = «/(z;). Using the advertising condition (11)

on the left-hand-side, we have

v 1-n 1 g
— X 21
R0~ 0 B0 ) (21)

12



Variable Value Description

16} 0.99 Subjective discount factor

) 1 Relative preference for search consumption

v 0.40 Elasticity of leisure with respect to real wage

¢ 4.3 Calibrating parameter

p* 0.10 Probability of dissolution of a customer relationship

& 0.50 Elasticity of matches with respect to number of shoppers
Y 0.45 Calibrating parameter

o 0.48 Fixed cost of posting an advertisement/entering a submarket
Pz 0.95 Persistence of log TFP shocks

o 0.007 Standard deviation of shocks to log TFP

c 1  Quantity traded in each customer transaction

Table 1: Parameter settings.

Using the result k"(0;;)/k7(0;;) = 0j; and the parameter restriction n = &,, we again obtain condi-
tion (19). Thus, Nash bargaining coupled with the Hosios (1990) parameter setting and competitive
search yield identical equilibrium prices in each period; hence, business cycle fluctuations under the

two alternative price-setting protocols are guaranteed to be the same.

5 Quantitative Results

We characterize the deterministic steady state and the dynamics of our model numerically. Our
primary interest is in just comparing fluctuations under competitive search equilibrium to those
under bargaining equilibria, thus parameter values are only illustrative. We use the calibrated values
of Arseneau and Chugh (2007b), and we refer the interested reader there for a complete description
of calibration targets and both individual time-use and advertising data used to calibrate search and
matching parameters of the goods market. Asin Arseneau and Chugh (2007b), we choose standard,
simple functional forms: u(x) = log(z), v(y) = log(y), g(z) = ¢ and m(s,a) = ¥stal~¢. We

1—v

assume, as is standard, that TFP follows an AR(1) in logs: logzi11 = p.logz; + €7, ;. Finally,
when we consider Nash bargaining, the Hosios parameterization requires setting n = £, although
we also consider different values of . Table 1 lists parameter settings.

To study dynamics, we approximate our model by linearizing in levels the equilibrium conditions
of the model around the deterministic steady state. Our numerical method is our own implemen-
tation of the perturbation algorithm described by Schmitt-Grohe and Uribe (2004b). We conduct

1000 simulations, each 200 periods long. For each simulation, we compute first and second moments
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Figure 1: Time-series simulation of price (top panel) and market tightness (lower panel) under price posting

(red line) and Nash bargaining satisfying the Hosios condition (blue line).

and report the medians of these moments across the 1000 simulations. To make the comparisons
meaningful, we use the same realizations for productivity shocks as we switch between competitive
search equilibrium and bargaining equilibria.

Figure 1 displays dynamic {p;, 6;} realizations for a represenative simulation of our model under
competitive search equilibrium and bargaining at the Hosios condition. As is obvious, the fluctua-
tions are identical, numerically verifying our proof in Section 4. This finding extends Moen’s (1997)
equivalence between competitive search equilibrium and Nash bargaining at the Hosios condition to
a stochastic general equilibrium environment. Thus, if one were to implement competitive search
equilibrium in a DSGE model featuring labor search frictions (we sketch the implementation of
this in Section 7), one would expect identical fluctuations to also arise under competitive search
and Nash bargaining coupled at the Hosios condition. Given that most DSGE labor-search models
focus on this parameterization, we think this equivalence is important to know.

However, the properties of cyclical fluctuations do not vary much between competitive search
equilibrium and bargaining equilibria with non-Hosios parameter settings (n # &) either. In Table 2,
we tabulate business cycle statistics obtained through simulations of our model under competitive

search, bargaining under the Hosios condition, and bargaining under two deviations from the Hosios
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Variable  Mean Std. Dev.  SD% Auto corr. Corr(zx, gdp)

Competitive Search Equilibrium

D 1.1685 0.0009 0.0008 0.9884 0.8901
0 2.0931 0.0415 0.0198 0.9279 0.9989
gdp 0.2870 0.0049 0.0171 0.9097 1
N 0.0266 0.0010 0.0365 0.3791 0.7388
a 0.0823 0.0008 0.0099 0.9484 0.9071

Nash bargaining, Hosios condition

D 1.1685 0.0009 0.0008 0.9884 0.8901
0 2.0931 0.0415 0.0198 0.9279 0.9989
gdp 0.2870 0.0049 0.0171 0.9097 1
N 0.0266 0.0010 0.0365 0.3791 0.7388
a 0.0823 0.0008 0.0099 0.9484 0.9071

Nash bargaining, low customer bargaining power

P 1.3269 0.0019 0.0014 0.9747 0.9513
0 7.8739 0.1537 0.0195 0.9278 0.9955
gdp 0.2957 0.0052 0.0176 0.8880 1
N 0.0500 0.0018 0.0362 0.4090 0.7797
a 0.0797 0.0008 0.0101 0.9520 0.8846

Nash bargaining, high customer bargaining power

D 1.0843 0.0004 0.0004 0.9939 0.7911
0 0.5233 0.0106 0.0203 0.9280 0.9999
gdp 0.2776 0.0047 0.0169 0.9262 1
N 0.0129 0.0005 0.0355 0.4209 0.7311
a 0.0795 0.0008 0.0097 0.9522 0.9227

Table 2: Simulation-based moments under competitive search equilibrium, Nash bargaining at the Hosios
condition (n = « = 0.50), Nash bargaining with low customer bargaining power (n = 0.20), and Nash
bargaining with high customer bargaining power (n = 0.80).
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condition. Comparing first moments, second moments, and salient correlations across specifications
of our model reveals that fluctuations display very nearly identical dynamics in all cases. Perhaps
the largest differences are in the volatility of prices in search markets — nevertheless, in all cases, this
volatility is near 0.1 percent or less. This virtual equivalence of fluctuations between competitive
search equilibrium and bargaining equilibria holds for the entire spectrum of values of n € (0, 1).
The levels of variables, however, of course differ for non-Hosios parameterizations of the bar-
gaining equilibria, as the first column of Table 2 shows. As Arseneau and Chugh (2007b) show
analytically, variations in 7 essentially vary the degree of “market power” firms wield over cus-
tomers, which thus makes the levels of prices (and hence all endogenous variables) change. But if
one’s interests lie primarily in the cyclical properties of fluctuations, all bargaining equilibria are
extremely similar to the competitive search equilibrium. This result would also readily extend to
DSGE labor-search models; thus, to the extent that some such models do deviate from the Hosios

parameterization, this equivalence of fluctuations is also important to know.

6 Robustness

We have so far only compared bargaining equilibria with competitive search equilibrium in the
presence of TFP shocks. One may wonder how the dynamics of competitive search equilibrium
compare to the dynamics of bargaining equilibria in the face of other kinds of shocks, such as
exogenous movements in tax rates or exogenous shifts in government consumption. Our equivalence
results carry over to these types of disturbances.

It is straightforward to introduce a proportional labor income tax and/or government purchases
in our model. Denoting by 7;* a proportional labor income tax, the only equilibrium condition that
would be affected is the household consumption-leisure optimality condition (5), which of course
would now have the after-tax wage rate (1 — 7{*)w; on the right-hand-side. Adding exogenous
government consumption g; is also straightforward — modify the resource constraint (16) so that
g+ appears on the left-hand-side. In introducing these (exogenous) policy-related variables, we
assume the government also appropriately adjusts a lump-sum tax or transfer so that government
financing is not an issue.

We parameterize stochastic processes for 7/* and g; in standard ways: we assume each follows
an AR(1) in logs, with persistence parameter p,» = 0.8 for the labor income tax process and
pg = 0.8 for the government purchase process. Standard deviations of i.i.d. Gaussian shocks to
these processes are assumed to be o,» = 0.01 and o, = 0.03, respectively. Finally, we set the
means of these processes to 7" = 0.2 and a g such that government spending absorbs 20 percent
of output in the steady state. As before, our parameter settings are meant to be illustrative rather

than precise calibrations.
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Simulating our model economy under competitive search equilibrium and bargaining equilibria
in the presence of these alternative disturbances, in isolation or in combination, we find the same
results as before: if bargaining occurs with the Hosios condition in place, fluctuations are identical
to those with competitive search, whereas if bargaining occurs away from the Hosios condition,
the levels of variables are once again different, but the cyclical properties of fluctuations are again

virtually the same.

7 Adapting the Framework for a Labor Search Model

We have chosen to illustrate our ideas in a search-based model of the goods market because we think
the combination of search frictions, firms posting prices unilaterally, and consumers directing their
search based on posted prices is an appealing description of product markets. A similar description
could plausibly be offered for labor markets as well. In light of the fact that the recent surge in
search-based DSGE model-building has mostly been concentrated in labor search models, we offer
here the outlines of how one would need to modify a typical labor-search-based DSGE model in
order to incorporate price (more precisely, wage) posting. Our sketch has nothing to do whether it
is real or nominal wages that are posted.

Many recent labor-search-based macro models allow an endogenous labor-force participation
margin, so we will sketch our outline based on such a model.!? In this type of model, the household’s
optimal labor-participation margin is the analog of our model’s shopping condition — households
would optimally choose how many family members to send to look for jobs in each labor submarket
as a function of the posted wages in those submarkets. Some models — for example, Walsh (2005)
and Krause and Lubik (2007) — do not allow for a labor-force participation margin. We emphasize
that such models do not admit a competitive search equilibrium — this is simply a manifestation of
the point emphasized by Rogerson, Shimer, and Wright (2005, p. 972-973) that both price-posting
and directed search are required for the concept of competitive search equilibrium. “Directed
search” is nothing more than a synonym for (optimal) participation decisions.

On the firms’ side, the job-creation condition (see, as an example, Krause and Lubik (2007,
equation 13) or Arseneau and Chugh (2007a, equation 19)) is the analog of our model’s advertising
condition. This condition would pin down how many job openings a (large, representative) firm
would post in a given labor submarket. The wage-posting problem would then be a firm’s choice of
a wage and labor (sub)market tightness to maximize the expected value of a job in that submarket
subject to the household’s labor-force participation condition for that labor submarket.

Thus, adapting our setup to a DSGE labor search model is a straightforward adaptation of

Despite the fact that the pure labor search literature often does not consider the participation margin.
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our model here provided a labor force participation margin — i.e., directed search — is allowed.
Business cycle dynamics under competitive search equilibrium would then be identical to business
cycle dynamics in bargaining equilibria, subject again to the caveat that the levels of variables of

course depend on exogenous bargaining power in a bargaining equilibrium.

8 Conclusion

One contribution of our paper is methodological. We show how to implement the concept of com-
petitive search equilibrium in a fully-specified DSGE environment. Competitive search equilibrium
is well-understood in labor market theory, but its implications for business cycle dynamics have
until now not been explored. We develop our model and results in a search-based model of the
goods market, a market in which, building on Arseneau and Chugh (2007b) and Hall (2007), we
think search frictions are quite plausible. However, as we describe, our modeling strategy readily
extends to macro models featuring search-based labor markets.

Another contribution of our paper is conceptual. We show a vitual equivalence of business cycle
fluctuations with either competitive search equilibrium or Nash bargaining. Moreover, we prove
that business cycle fluctuations are identical under either competitive search or Nash bargaining
restricted to the Hosios (1990) condition. As a methodological by-product of our analysis, we
provide for these latter cases a simple MRS = MRT interpretation of pricing outcomes in search
models that should provde useful in other search models, as well. Given the recent surge in interest
in developing search-based macro models and because of what we view as the intuitive appeal of
competitive search, our results provide a foundation for researchers to claim that the sometimes-
awkward assumption of bargaining per se does not obscure interpretation of results. We think this
is an important result to know. At the same time, we acknowledge our point is demonstrated in
a simple framework. Although this framework must be at the core of virtually any DSGE search-
based model, and hence there is reason to think our equivalence result would lie in the background
of richer models, we cannot claim that every DSGE search-based model ever developed, especially
as they become richer in features, must display this virtual equivalence of fluctuations. Some forms
of proportional taxation, for example, are likely to break the equivalence.

Policy predictions of search-based models are bound to be sensitive to the use of competitive
search equilibrium or bargaining equilibria. This is because, as we mentioned above, the competitive
search framework endogenizes the surplus-splitting mechanism between parties engaged in bilateral
trade, as opposed to the exogenous surplus-splitting imposed by Nash bargaining. A growing body
of work — for example, Cooley and Quadrini (2004), Faia (2007), Thomas (2007), and Arseneau and
Chugh (2007a, 2007c) — studies optimal policy in the presence of search frictions, and one common

theme that emerges is that long-run policy prescriptions are quite sensitive to the assumption of
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exogenous bargaining power. This is not surprising because the levels of variables can be quite
sensitive to this exogenous feature of bargaining models, as we showed. As interest grows in using
search-based models for policy prescriptions, it is important to know and perhaps even extremely
appealing to be able to use a framework that avoids this prediction.

Finally, as we mentioned at the outset, part of our work here is in the spirit of pure model
development, specifically to enrich the Arseneau and Chugh (2007b) and Hall (2007) environments
in a “competitive” vein. We think one particularly natural application of the goods-market price-
posting model we have developed here is to try to model “sale prices” in the context of a full
macro model. Nakamura and Steinsson (2007) have shown that the dynamics of temporary sale
prices may be quite important to understand and model. A quite natural explanation of why firms
may engage in sales is to attract customers. Our price-posting model naturally articulates such a
relationship — there is an inverse relationship between the price posted in a submarket and the

number of customers attracted to that submarket.
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A Nash Bargaining

Here we derive the Nash-bargaining solution between an individual customer and the firm. We
suppress indices referring to submarkets, but it is understood in the following that asset values are
all indexed by submarket, as are prices p and (sub)market tightness 6.

The marginal value to the household of a family member who is already engaged in a relationship

(a shopper) with a firm is and thus obtains ¢ consumption goods for the households is

19’U, / B _
M = ot = 8 pue+ B[Sy (L= ") Mess + p"Sea)] (22)
t t

Because the units of v’ and ¢’ are utils, we convert them into units of the final composite by dividing
by the period-t marginal utility of wealth for the household, )¢, which has units of utils per final
good. In equilibrium, A\ = v/ ().

The marginal value to the household of an individual who is searching for goods is

!
Su =96 K 0ML+ (1 K (8))S, (23)

where, note the continuation values on the right-hand-side are dated time ¢, which follows from our
assumption that successful search leads to shopping that begins in the same period as the successful
search.

The value to a firm of an existing customer is
At = pité — meceC + (1 — px)Et [Et+1|tAt+1:| . (24)

The Nash bargaining problem is standard; the firm and customer choose p;; every period to

maximize a Cobb-Douglas function of the gains from trade for both the customer and the firm,
(Mg — Sp)" A7, (25)

where 7 is the exogenous bargaining power of customers.

The outcome of bargaining is the standard Nash sharing rule
(1 =n)(M¢ — St) = nAs. (26)

Using the definitions of My, S¢, and At and after several straightforward steps of algebra, we can

express the Nash price in submarket j as

_ _ - gl l1-n 1 g
— mee— (1 — p*)E 4= 9t 2
y%1& mcec ( P ) t { t+1|t k‘f(9t+1) } + n kh(et) )\t’ ( 7)

where we have dropped the j subscripts because we focus on a symmetric equilibrium. In symmetric

equilibrium, this condition characterizes the Nash price in every submarket.
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