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13.1 Privately Produced Public Goods

What do environmental emissions have in common with knowledge? This
chapter sees both as privately produced public goods' and gives conditions for
efficient allocation of resources in economies with such goods. These condi-
tions are independent of the units of measurement and extend those of Lindahl,
Bowen, and Samuelson for standard public goods. The motivation is to under-
stand efficiency in markets in which new types of items such as knowledge and
environmental assets are traded along with standard private goods. Both are
public goods in that they are not rival in consumption. However, they are pri-
vately produced and thus differ from classical public goods that are produced
by governments.

Following Chichilnisky, Heal, and Starrett [1], we consider competitive
markets, in which every trader faces the same price for each good. The insti-
tutional structure for trading public goods contemplated here is similar to that
of the emissions markets for sulfur dioxide (SO, ) that are traded in the Chicago
Board of Trade since 1993. The example of global emissions markets is espe-
cially interesting. These were created recently by Article 17 of the Kyoto Pro-
tocol, where 166 nations explicitly agreed on the creation of such tradable
rights among Annex B countries, which are mostly industrial nations (see
chapters 11, 12, and 14 of this volume, and the Appendix). These markets were

!For the foundations of economies with public goods, the reader is referred to the excellent work of
Laffont [4,5] and Varian [6].
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formally proposed by the scientists of Columbia’s Program on Information and
Resources (PIR) to the United Nations Framework Convention on Climate
Change in May 1994 and emerged in December 1997 in the Kyoto Protocol
(see, e.g., Chichilnisky [2]).

Another example of a privately produced public good is the total amount of
knowledge in society. In idealized terms this can be represented by products
(e.g., software) that can be duplicated at no cost, so the good is not rival in
consumption. Knowledge is often privately produced, thus satisfying the defi-
nition of privately produced public good that is provided here. In the case of
knowledge, the traders’ property rights could be interpreted as rights to use a
certain number of licences for knowledge products (e.g., software; see Chichil-
nisky [3]). In all cases the markets considered here are competitive throughout.

13.2  Markets with Privately Produced Public Goods

We use the model of chapter 3 of this book. A competitive market has J = 2
traders, one public good denoted a € R, for example, the concentration of
carbon dioxide (CO,) in the atmosphere, and a private good denoted ¢ € R.
The property rights of the trader j, a;, restrict the amount of carbon that the
trader has the right to emit at no cost. More rights can be bought or sold in a
competitive market. Each trader produces an amount of the private good ¢ * € R,
chosing an input of the public good a* that maximizes profits. Formally,

a_’}‘ = arg max [d)j(aj) - ma;l,
a;j€(0, »)

where 7 is the relative price of a, ¢; = ¢;(a;) and dc;/da; < 0. Private goods
are the numeraire, thatis p,. =1, and (@ —a j) represents the amount of carbon
emitted by trader j to produce private goods over and above its initial rights.
Each trader chooses his or her consumption of private and public goods ¢ ¥, a*
€ RN "1 50 as to maximize utility

maxcj’auj(cj, a),
subject to a budget constraint:
¢+ 7@ = a) = ¢;(c;)

that is, the value of consumption of private and public goods equals the value
of production.
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In a competitive market equilibrium all markets clear:
7 J
sk — = —
X af =24 =
Jj=1 Jj=1

and

~

J
Zl et =2 ¢;(at).
b=

13.3 Efficiency Conditions

This section derives efficiency conditions for the allocation and provision of
privately produced public goods. The classic Lindahl-Bowen-Samuelson con-
ditions for Pareto efficiency in the supply of classic public goods do not in
principle apply here because the public good a is privately produced: Here each
producer has different production functions, and maximizes profits.

ProrositioN 1 Efficiency requires that for every trader j, the sum over all
traders of the marginal rates of substitution between the private and the public
good should equal the corresponding rate of transformation ¢ ;. In a competi-
tive market, this rate of transformation must equal the relative price of the pri-
vately produced public good.

ProoOF. By definition an allocation is Pareto efficient if there is no other
feasible allocation that makes everyone as well off and someone strictly better
off. By definition, therefore, at such an allocation each trader maximizes his
or her utility given the (fixed) levels of utility of all others. Formally, for the
J traders, a Pareto-efficient allocation [c,, Ef=1 goj(cj), e € 211:1 goj(cj)]
solves the problem

J
max, cg + {ul(cl’ 21¢j(cj))}
s
J J
subject to {uz[% D) soj(c»l} = 0, {u,[c,, > <p,»(c,-)]} = 11,
Jj=1 j=1

where ¢(c;) = ¢! (c;)and 2/_,a; = Z/_, ;' (c;) = a.

To obtain an optimum, one considers the so-called Lagrangian expression
{uyle;, 2 @i(ep]} + 27, A {u;le;, 24, ¢;(c;)]}, where the A}’s are so-
called Lagrangian multipliers, and maximizes the expression

J J
max . /\J{uj[c-, > goj(cj)]}, (13.1)
j=1 j=1

where 27_, a; =27 ;' (c;) = a.
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Optimizing (13.1), one obtains for each trader j

J
Ajouldc; = — <j_1/\j8uj/8a>goj’- (13.2)
or
¢;
A= (—K , 13.3
)= )a”j/acj (139

where for all j, K is the same:

J
K = (fl )\jéuj/aa>.

Substituting (13.3) into (13.2), one obtains

J

du./oa
Aou.loc. = — —Kop' —2 !
Jo J (]21 gD.I 6uj/acj>¢j

or

A;0u,loc, J ou.loa
J ./, i _ (—K)( E r >

J

J
> e I - (13.4)

or

which is an expression generalizing the Lindahl-Bowen-Samuelson (LBS) con-
ditions for Pareto efficiency in the allocation of privately produced public
goods. It requires that for each trader j the sum of the marginal rates of substi-
tution should equal the corresponding rate of transformation. Observe that in
a competitive market, this equals the relative market price of the privately pro-
duced public good but not otherwise, and this condition need not be similar to
the LBS condition. This completes the proof. W
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REMARK 1 Observe that expression (13.4) is independent of the units of
measurement and it does not depend on the weights A;.
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