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Chapter 4
Emissions Constraints, Emission Permits,
and Marginal Abatement Costs

Geoffrey Heal

4.1 Introduction

Should the marginal cost of emission abatement be equalized across countries?
Do markets for tradable emission permits lead to Pareto-efficient patterns of
emission abatement? Until recently, the standard answers to both questions
were yes. However, Chichilnisky [4] and then, in a more general context, Chi-
chilnisky and Heal [5] proved that the efficient abatement of carbon dioxide
(CO2) emissions does not require the equalization of marginal abatement costs
across countries. Equalization is required if and only if it is possible to make
unrestricted and free lump-sum redistributions of wealth sufficient to equate
the marginal social valuation of consumption in all countries. It follows almost
immediately that markets for tradable emission permits do not lead in general
to Pareto efficiency, as shown in chapter 3. Chichilnisky, Heal, and Starrett’s
central result there is that if a market for emission rights is introduced, then the
manner in which the emission rights are initially distributed between countries
is important for efficiency. To be specific they showed that only a finite number
of ways of allocating a given total of emission rights between countries will
lead to Pareto-efficient outcomes. Distribution and efficiency are linked in
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competitive economies in which one trades the right to produce privately pro-
duced public goods such as carbon dioxide (CO2) emissions.

Although this point is simple analytically, it has considerable policy impli-
cations. For example, prior to this observation it was taken as given that the
burden of emission abatement should be borne disproportionately by develop-
ing countries by virtue of their supposedly lower marginal abatement costs.1

The initial papers (Chichilnisky [4], Chichilnisky and Heal [5], and Chi-
chilnisky, Heal, and Starrett [6]) led to an explosion of interest in these issues.
Prat in chapter 6, Heal and Lin in chapter 5, Dwyer [10], Chao and Peck [3],
Mäler [12], Mäler and Uzawa [13], Uzawa [16], Manne [14], and Bohm [1]
have all subsequently commented on or extended the initial results in various
ways. Dwyer, Heal and Lin, and Prat all review issues related to the efficiency
of markets for emission permits. Prat looks at the consequences of always dis-
tributing permits in a fixed ratio between the participating countries. He shows
that, for each set of proportions, there is a total level of emissions such that
distributing it in these proportions will lead to Pareto efficiency. Drèze [9] has
made a similar observation. Heal and Lin and Dwyer review the implications
of strategic behavior in permit markets. The key point here is that in deciding
how much to emit in a regime of international emission permits, each country
has to make some conjecture about the total levels of emissions produced by
all others, as its utility and therefore its demand for permits depends on this.
Chichilnisky, Heal, and Starrett (CHS) model a situation in which each country
assumes that the total levels of emissions will be that desired by the agency
issuing the permits; that is, each country assumes that the international permit
regime will be successful in attaining its goals. Heal and Lin and Dwyer look
instead at worlds where countries take the emission levels of others as given in
the Nash tradition. They show that in these worlds it is more difficult to achieve
Pareto efficiency: Heal and Lin show that only a finite number of points on the
Pareto frontier can be attained as equilibria with this behavior. Not surprisingly
it is easier to attain efficiency if everyone believes that efficiency will be at-
tained and acts accordingly. Chao and Peck and also Manne investigate nu-
merically the interactions between equity and efficiency indicated by the origi-
nal results of Chichilnisky and Chichilnisky and Heal. Mäler explores the
relationship between the CHS results and a Lindahl equilibrium, a more tradi-
tional equilibrium concept for market economies with public goods. Many of
the counterintuitive results in CHS emerge because a permit market for emis-
sions is a market for a public good but one with uniform prices rather than the
individualized prices required in the Lindahl approach. It is therefore an incom-
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plete market relative to the framework within which Pareto efficiency has been
established.

Several commentators have enquired whether equivalent results hold in a
framework in which the total level of abatement, instead of being selected as
part of an efficient allocation, is imposed arbitrarily by a political authority.
Their motivation is a feeling that any global carbon emission targets ultimately
selected will reflect political compromise rather than rational economic analy-
sis, so that the relevant policy question is the attainment of efficiency subject
to this constraint. We analyze such a situation here. Assuming that an arbitrary
level of emission abatement is imposed on the world economy, we ask again
the questions with which this chapter opened: Should the marginal cost of
emission abatement be equalized across countries? Do markets for tradable
emission permits lead to efficient patterns of emission abatement? However,
we now ask them in the context of a concept of constrained, or second-best,
efficiency.

The answers are exactly as in the previous chapter: Equalization of marginal
costs is necessary for constrained efficiency if and only if it is possible to make
unrestricted lump-sum transfers of wealth between countries on a scale suffi-
cient to equalize the marginal social valuation of consumption in all countries,
and, as a direct consequence, only certain distributions of emission permits
are compatible with the attainment of constrained efficiency by way of permit
markets. This is an unusual case of first-best results continuing essentially un-
changed in a second-best framework.

4.2 The Model

The model and notation are identical to those in Chichilnisky and Heal [5]. The
world economy consists of I regions, I � 2, indexed by i � 1, ..., I. Each has a
utility function ui , which depends on its consumption of a vector of m private
goods ci � � M and on the quality of the world’s atmosphere, a, which is a
public good. Formally, ui (ci , a) measures welfare, where ui : isM�1R → R
a continuous, strictly concave function and �ui /�c i,m 	 0, �ui /�a 	 0. The
quality of the atmosphere, a, is measured by, for example, the reciprocal or the
negative of its concentration of CO2. Let yi be a vector in R M giving the pro-
duction levels of the M private goods in country i. Then the concentration of
CO2 is affected by production:

I

a � a , a � F (y ) for each country i � 1, ..., I, and� i i i i
i�1

�Fi � 0 �i and m, (4.1)
�yi,m
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where a is a measure of atmospheric quality overall and ai is an index of the
abatement carried out by country i. The production functionsFi are continuous
and show the trade-off between abatement or quality of the atmosphere and the
output of consumption goods. An allocation of consumption and abatement
across all countries is a vector

(M�1)I(c , a , ..., c , a ) � � ,1 1 I I

as for each of the I regions there are M private goods and one level of abate-
ment. An allocation is feasible if it satisfies constraint (4.1) and the condition
that the total consumption of each private good worldwide be equal to the total
production, that is,

c � y (4.2)� �i i
i�1,...,I i�1,...,I

Constraint (4.2) allows private goods to be transferred freely between regions;
that is, it allows unrestricted lump-sum international redistributions.

An allocation is called feasible with lump-sum transfers if it satisfies the
constraints (4.1) and (4.2). It is feasible without lump-sum transfers if it
satisfies

c � y �i. (4.3)i i

Each region i faces a constraint in terms of allocating total endowments into
either consumption ci or atmospheric quality ai , represented by the function
Fi . Then a Pareto-efficient allocation is described by a solution to the problem:

I

max W(c , ..., c , a) � l u (c , a), (4.4)�1 i i i i
i�1

I

a � a , a � F (y ), for each country i � 1, ..., I, and� i i i i
i�1

c � y . (4.5)� �i i
i�1,...,I i�1,...,I

Note that the marginal cost of abatement in region i in terms of good m is just
the reciprocal of the marginal productivity with respect to m of the function
Fi :

�FiMC (a ) � �1/ . (4.6)i,m i �yi,m
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4.3 Emission-Constrained Efficiency

In this section we introduce the concept of constrained efficiency that we work
with here and then establish results about the relationship between equalization
of marginal abatement costs and efficiency in this sense.

Definition 1 An allocation is emission-constrained efficient if it maxi-
mizes a weighted sum of utilities (4.4) subject to the feasibility constraint either
(4.5) (for the case of lump-sum transfers) or (4.3) (for the alternate case) and if
in addition it satisfies a constraint on total abatement

a � a* (4.7)

specifying a given total abatement level a*.2

4.3.1 Without Lump-Sum Transfers — Chichilnisky [4] and Chichilnisky
and Heal [5] established the following proposition concerning first-best Pareto-
efficient allocations:

Proposition 1 At a Pareto-efficient allocation the(c*, a*, ..., c , a *),1 1 I I

marginal cost of abatement in terms of good m in each country, isMC (a*),i,m i

inversely proportional to the marginal valuation of the private good ci,m , l i�ui /
�ci,m. In particular, the marginal costs will be equal across countries if and only
if the marginal valuations of the private good are equal; that is, l i�ui /�ci,m is
independent of i.

We now establish a result exactly equivalent to this for the case of emission-
constrained efficiency. The only difference in the propositions lies in the re-
placement of the words ‘‘Pareto efficient’’ by ‘‘emission-constrained efficient.’’

Proposition 2 At an allocation which is emission-(c*, a*, ..., c*, a *)1 1 I I

constrained efficient, the marginal cost of abatement in each country in terms
of good m, is inversely proportional to the marginal valuation ofMC (a*),i,m i

the private good ci,m, li �ui /�ci,m. In particular, the marginal costs will be equal
across countries if and only if the marginal valuations of the private good are
equal; that is, li�ui /�ci,m is independent of i.

72 • Heal
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Proof . An emission-constrained efficient allocation, being the solution to
the maximization of (4.4) subject to (4.3) and (4.7), must be a stationary point
of the Lagrangian

L � l u c , F (c ) � g F (c ) � a* ,� � �� � � �k k k k k k k
k k k

where g is the shadow price associated with constraint (4.7) on total emissions
and so must satisfy the first-order conditions

�F �Fi il (�u /�c ) � �g � l (�u /�a) (4.8)�i i i,m k k�y �y ki,m i,m

for each country i � 1, ..., I. Because the allo-MC (a*) � �1/(�F /�y ),i,m i i i,m

cation satisfying (4.8) is characterized by

g � � l (�u /�a)k k kMC (a*) � , (4.9)i,m i l �u /�ci i i

and the proposition follows. �

Equation (4.9) is identical to the equivalent equation, MC (a*) �i i

on page 446 of Chichilnisky and Heal [5] and page� l (�u /�a)/(l �u /�c )k k k i i i

130 of this volume, except for the presence of the term g reflecting the con-
straint (4.7). The result is qualitatively the same as in the previous case because,
being the shadow price on the provision of a public good, g is common across
all countries.3 Proposition 2 shows that the product of the marginal valuation
of private consumption and the marginal cost of abatement in terms of con-
sumption is equal across countries. Following Chichilnisky and Heal, we write
this product as l i�ui /�ci · �ci /�a and note that it can be interpreted as the mar-
ginal cost of abatement in country i measured in utility terms, that is, in terms
of its contribution to the social maximand �j l j uj (cj , a). Equation (4.9) there-
fore tells us that the marginal cost of abatement in this generalized sense must
equal the sum of the marginal valuations of abatement across all countries plus
an amount reflecting the shadow price of the abatement constraint. An imme-
diate implication is that in countries that place a high marginal valuation on
consumption of the private good (typically low-income countries), the mar-
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ginal cost of abatement at an efficient allocation will be lower than in other
countries. If we assume an increasing marginal cost of abatement (diminishing
returns to abatement), then this of course implies lower levels of abatements in
poor countries than in rich countries.

Note that these results would be completely unchanged if we were to replace
the equality constraint a � a* by the inequality a � a*, placing a lower bound
on the acceptable level of abatement. In this case the previous Lagrangean
would be unaltered, but the shadow price g associated with the abatement con-
straint would satisfy a complementary slackness condition, indicating that it
would be zero if the abatement constraint were satisfied with strict inequality.
When g� 0, we have precisely the results of the previous papers.

4.3.2 With Lump-Sum Transfers — Under what conditions can we recover
the conventional wisdom that marginal abatement costs should be equalized
across countries? The answer is as in Chichilnisky and Heal [5]: We need to
equate the terms l i�ui /�ci across countries. This could be done by assump-
tion. However, given the enormous discrepancies between the income levels in
OECD countries and countries such as India and China and the need for all of
them to be involved in an abatement program, such a value judgment seems
most unattractive.

There is an alternative possibility. Modify the problem to allow unrestricted
transfers of private goods between countries, so that efficiency is defined by
maximization of (4.4) subject to the feasibility condition (4.5):

max W(c , c , c , ..., a) � l u (c , a) subject to�1 2 i i i i i

a � F (y ), a � a , y � c , and a � a*. (4.10)� � �i i i i i i

We now require the sum of the consumptions across countries to equal the sum
of the productions—� yi � � ci — instead of having these equal on a country-
by-country basis. By this modification we are allowing the transfer of goods
between countries; that is, we are allowing lump-sum transfers. Note that
this is not a model of international trade, which would require the imposition
of balance-of-trade constraints.4 Clearly, the first-order conditions again re-
quire that

� l (�u /�a)�gk k kMC � , (4.11)i l (�u /�c )i i i

74 • Heal
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but in addition we now require that

l (�u /�c ) � m �i. (4.12)i i i

Therefore, we now have equalization of marginal abatement costs across coun-
tries at the ratio

� l (�u /�a) � gk k k ,
m

where, as before, g is the shadow price on the total emission (abatement) con-
straint and m is that on the constraint equating total output of the private good
to consumption. Therfore, if we solve an optimization problem that allows un-
restricted transfers between countries and we can and do make the transfers
that are needed to solve this problem, it will then be efficient to equate marginal
abatement costs, with or without an arbitrary constraint on total abatement. The
imposition of an arbitrary constraint on abatement, forcing us into the world of
second best, makes no difference to the appropriate relationship between mar-
ginal abatement costs. This is because the first-order condition in this case, as
in the previous case without lump-sum transfers, differs from that without an
arbitrary abatement constraint only in the presence of the shadow price g in the
expression for marginal cost.

4.4 Emission Permits and Emission Constraints

How would the imposition of emission constraints as discussed previously af-
fect the results of the previous chapter on efficiency and the distribution of
emission rights? As one might expect, they all carry through again. An imme-
diate implication of the competitive trading of emission permits at a uniform
price is the equalization of marginal emission costs, narrowly defined, and if
the equality of these marginal costs does not characterize efficiency except for
particular distributions of wealth, then the trading of emission permits can be
expected to lead to efficiency only for those same particular distributions. An-
other intuition that leads to the same conclusion was mentioned before: Effi-
ciency in markets for public goods in general requires Lindahl markets with as
many prices as there are agents. In the absence of these markets, one cannot
expect efficiency, constrained or otherwise.

Formally, let each country be given an allocation Ei of emission rights,
where �i Ei � E* and E* is the agreed total level of emissions worldwide.
They can trade these as price takers in a market in which there is a single price
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pe for the right to emit one unit. Countries therefore maximize utility subject
to the budget constraint

c p � y p � p (E � a ). (4.13)� �i, l l i, l l e i i
l l

The interpretation of the right-hand side of this budget constraint is as in the
previous chapter: The difference between actual emissions ei and target emis-
sions Ei is ei � Ei � where is the emission level of region iN Ne � a � E , ei i i i

when abatement is zero. For simplicity we have dropped the constant terms in
This budget constraint requires that for each country the value of consump-Ne .i

tion equal the value of production plus the net revenue from the sale of permits.
Note that (4.13) can be rewritten as

c p � y p � �p (E � a ). (4.14)� �� �i, l l i, l l e i i
l l

Here the left-hand side is the difference between the value of domestic con-
sumption and production, that is, the balance of trade. A surplus of consump-
tion over production (i.e., a position of net imports) is funded by the revenue
generated by sales of permits in international markets. Conversely, a net pur-
chase of permits in international markets has to be matched by a surplus of
production over consumption and therefore a net export position. This inter-
pretation of the budget constraint makes it clear that controlling the initial en-
dowments of emission rights acts as a substitute for lump-sum transfers.

Each country seeks to maximize its utility ui (ci , a) subject to the budget
constraint (4.13) and to the production relations given in (4.1). We assume that
in so doing it supposes the total level of emissions to be fixed at E*, the desired
total level. This in effect implies the existence of a credible intergovernment
agency that sets and implements global emission targets. An alternative (ex-
plored by Heal and Lin in the next chapter) is to look for a Nash equilibrium
in countries’ abatement levels.

In the case of a total level of emissions taken by all countries to be E*, each
country chooses consumption levels and abatement or emission levels to
satisfy

mrs � price ratio

0�ui

�c pi,l l�
�u pi m

�ci,m

(4.15)

76 • Heal



Name /C0651/C0651_CH04     04/28/00 06:27AM     Plate # 0-Composite pg 77   # 10

and

mrt � price ratio

Q�F pi m� � .
�y pi,m e

(4.16)

These are standard conditions: (4.15) requires only that marginal rates of sub-
stitution between goods be equated to their price rations, and (4.16) requires
tangency between the production possibility frontier and an isoprofit hyper-
plane. The latter implies in particular that, for given prices, levels of production
(and therefore also of emission) are determined independently of the utility
function. (Of course, in equilibrium the prices will depend on preferences.)

How do the first-order conditions (4.15) and (4.16) chosen by the country
compare with the conditions (4.11) and (4.12), which describe allocations that
are efficient subject to an emission constraint? Clearly, (4.16) is the same as
(4.11) provided that

�u �ui klkp �c �cm i,m k,l� � �k �/ i. (4.17)
p �u �ue k kg � � l g � � lk k k k�a �a

This condition can only hold if �ui /�ci,m and lk (�uk /�ck,l ) are independent of
i and k. Condition (4.12), required for emission-constrained efficiency, auto-
matically implies this. However, there is nothing equivalent in the countries’
utility maximization conditions: Condition (4.15) does not imply equalization
of marginal valuations.

Therefore, utility maximization subject to the budget constraint (4.13) does
not lead to the conditions needed for efficiency. There is an additional require-
ment represented by (4.12), namely, that �ui /�ci,m � lk �uk /�ck,l �l, �k /� i.
This condition would of course be satisfied if there were policy instruments
available to redistribute resources without restriction across countries— if, for
example, lump-sum redistributions were possible. In the absence of such in-
struments, what is required to ensure that (4.12) is met and that constrained
efficiency is attained in the permit market?

Condition (4.12) requires that, for each good, its marginal social valuation
be equal for every country. This is a condition with which we are familiar from
the previous chapter. As there we note that this is a condition on the distribution
of income or wealth. The same arguments as in that chapter can now be
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applied. We look in more detail at the determinants of the terms �ui /�ci,m. As
ui � ui (ci , E*), where E* is fixed, the derivatives of ui with respect to con-
sumption can depend only on consumption levels. These in turn depend, by
means of the budget constraint (4.13), on prices pl , production levels yi,m,
abatement levels ai , and initial endowments of emission rights Ei . Once prices
are given, production and abatement levels are fully determined by (4.16). In
the absence of policy instruments that can effect unrestricted redistributions
across countries, the only variables then available for ensuring that marginal
social valuations of consumption are equalized across countries are therefore
the initial allocations of permits, and only those initial permit allocations that
ensure that (4.12) is satisfied will lead to emission-constrained efficient allo-
cations. We formalize this in the following and show that very few initial allo-
cations satisfy this condition.

Proposition 3 Let E* be the level of total emissions at an emission-
constrained efficient allocation of resources in the economy. Assume that coun-
tries maximize utility subject to the budget constraint (4.13) given by the
ability to trade emission permits. Assume furthermore that a regularity condi-
tion defined below is satisfied. Then, of all possible ways of allocating the total
emission E* among countries as initial endowments, only a subset of measure
zero will lead to market equilibria that are emission-constrained efficient. If the
inequality (I � 1) � M � (I � 1) � M holds, then only a finite number of ways
of allocating the emission rights lead to efficiency.

Remark 1 Strict concavity and the regularity assumption are needed for this
result. Otherwise, one can construct counterexamples. For example, with
quasi-linear preferences of the form ui (a) � a i ci , ai 	 0, there might be infi-
nitely many allocations of permits that will lead to efficient outcomes.

Consider the first-order conditions for efficiency:

�u �ui k� l � 0. (4.18)k�c �ci,l k,l

Define the function V from to Its arguments are those of(I�1)�M (I�1)�M� � .
(4.8), namely, Ei , i � 1, ..., I and pl , l � 1, ..., M and e. Now, as the Ei are
nonnegative and sum to a fixed number and there are only M relative prices,V
is defined on (I�1)�M� :
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�u (x) �u (x)i k(I�1)�M (I�1)�MV : � → � , V(x) � � l ,k�c �ci,l k,l

where Proposition 3 uses the following regularity condition,(I�1)�Mx � � .
which essentially states that the first-order conditions for efficiency change
smoothly as prices and permit allocations change:

Regularity condition. The matrix of first partial derivatives of the function
V has full rank.

Proof . The proof copies exactly that in the previous chapter. �

How does the intuition behind this result relate to the equivalent result in the
previous chapter? It can be explained by a very similar diagram (see figure 4.1).
The figure repeats figure 3.2 of chapter 3 with additions. It shows the utility
possibility frontier of a two-person economy and the utility vectors that emerge
from trading permits corresponding to a total level of emissions associated with
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an efficient equilibrium. The point a� shows the utility levels at an arbitrary
inefficient equilibrium, associated with which is a total level of emissions, say,
EX . The two frontiers through a� show the utility levels attained by trading
emission rights totaling Ea� under two different conditions. The outer frontier
corresponds to the case in which lump-sum transfers ensure that conditions
(4.12) is satisfied, namely, that the marginal valuations of consumption are
equal across countries. The inner one corresponds to the case in which this
does not happen. Utility vectors on the outer frontier through a� are constrained
Pareto efficient. Those on the other frontier are not, except at the point at which
the two frontiers touch. At this point the distribution of emission rights is con-
sistent with constrained efficiency, and no redistribution is needed.

4.5 Conclusions

Efficient abatement subject to an arbitrarily chosen emission level does not in
general require equalization of marginal abatement costs; rather it requires
equalization of the marginal social opportunity costs of abatement across coun-
tries. Marginal costs in the usual sense are to be equalized only if we can make
unrestricted lump-sum transfers between countries, not a very interesting
hypothesis.

An implication is that for the attainment of emission-constrained efficiency
by the trading of emission permits, the initial distribution of permits (property
rights) matters, as only a finite number of initial distributions lead to emission-
constrained efficiency. The initial allocation of emission permits may play the
role of lump-sum transfers: Certain initial distributions of these permits lead to
efficiency because they correspond to the lump-sum transfers, which equate
marginal valuations of the consumption good, as required for the equalization
of marginal costs. The relationship between efficiency and distribution noted
in CHS in chapter 3 for the case of Pareto efficiency continues for the case of
emission-constrained efficiency.
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